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Abstract
Using flavor twisted boundary conditions, we study nucleon matrix elements of the vector current.
We twist only the active quarks that couple to the current. Finite volume corrections due to twisted
boundary conditions are determined using partially twisted, partially quenched, heavy baryon
chiral perturbation theory, which we develop for the graded group SU(7|5). Asymptotically these
corrections are exponentially small in the volume, but can become pronounced for small twist
angles. Utilizing the Breit frame does not mitigate volume corrections to nucleon vector current
matrix elements. The derived expressions will allow for better controlled extractions of the isovector
magnetic moment and the electromagnetic radii from simulations at zero lattice momentum. Our
formalism, moreover, can be applied to any nucleon matrix elements.
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I. INTRODUCTION
Understanding QCD in the strongly interacting regime remains a challenging problem in
physics. Simulations of QCD on Euclidean spacetime lattices are making progress towards
a quantitative understanding of the non-perturbative dynamics in QCD [1]. Lattice QCD
simulations usually employ periodic boundary conditions for the quark and gluon fields.
Consequently the available hadron momenta are limited to periodic momentum modes of the
lattice, k = 2pin/L, where n is a triplet of integers and L is the lattice size in each of the three
spatial directions. On typical lattices, the smallest available lattice momentum is about 400−
500 MeV. This presents a severe limitation for the study of observables appearing in matrix
elements at low momentum, and low momentum-transfer. At present, such observables
cannot be investigated directly using periodic boundary conditions, and models are used to
perform momentum extrapolations.
For large enough volume, the physics should be independent of the choice of boundary
conditions. There is freedom in choosing boundary conditions for fields; however, the action
must be single valued so that observables are well-defined. For a generic matter field φ, we
can impose a twisted boundary condition in the i-th direction of the form, see e.g. [2],
φ(xi + L) = U φ(xi),
where U is a symmetry of the action and U †U = 1. For the quark flavors in QCD, the
diagonal flavor rotations can be used to implement what are called flavor-twisted boundary
conditions. With U of the form U = exp(iθi), the matter field φ has kinematic momentum
k = (2pin + θ)/L which can be varied continuously by choosing different values for θ.
The ability to produce continuous hadron momentum has made flavor-twisted boundary
conditions attractive to lattice QCD [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18].
In this work, we detail the finite volume modifications to nucleon form factors of the vector
current. We use twisted boundary conditions on the active quarks in the current insertion,
and, of course, are limited to only connected contributions from the current. Heavy baryon
chiral perturbation theory is utilized to estimate the volume dependence of nucleon current
matrix elements. Let us summarize our main findings.
• Finite volume modifications can be sizable especially for the magnetic contribution,
and for small twist angles.
• The use of Breit frame kinematics does not dramatically reduce or simplify the finite
volume corrections. The volume effect for magnetic observables in the Breit frame
roughly doubles compared to the rest frame. This situation is unlike the meson vector
current [17].
• With twisted boundary conditions on only the active quarks, the finite volume correc-
tions depend on an unphysical and unknown parameter, g1. This dependence arises
as an artifact of the enlarged valence flavor group, and a lattice determination of g1
would help in accounting for volume corrections.
• Results obtained here are qualitatively similar to those obtained from isospin-twisted
boundary conditions for the nucleon isovector form factors [12]. In that method, va-
lence u-quarks are twisted differently than the valence d-quarks without introducing
extra fictitious flavors. We show, moreover, the flavor symmetry employed by that
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method can be used to eliminate the dependence on g1. Consequently finite volume
corrections can be reliably estimated for that case in terms of known low-energy con-
stants.
Our presentation has the following organization. First in Section II, we detail the flavor
twisted boundary conditions, and incorporate them into heavy baryon chiral perturbation
theory. We show how the graded group SU(7|5) accommodates twisting of the active va-
lence quarks in the baryon sector. In Section III, we compute finite volume corrections to the
nucleon mass, and derive the induced mass splittings due to flavor twisted boundary condi-
tions. Numerically these splittings are estimated to be at the percent level or less on current
lattices. Finite volume corrections to the vector form factors of the proton and neutron are
determined in Section IV (complete expressions are given in Appendix A). These results ap-
ply to the connected contributions allowing access to isovector quantities, but not isoscalar.
We show that terms arising from broken cubic invariance can lead to non-negligible volume
effects in the region of small twist angles. Results for rest frame and Breit frame kinematics
are compared. The Breit frame does not offer any substantial advantages with respect to
volume effects. Complete results for isovector current matrix elements at finite volume using
the method of isospin twisted boundary conditions are displayed in Appendix B. For rest
frame kinematics, these results are shown to be independent of the unphysical parameter
g1. Appendix C collects functions and identities useful for the evaluation of finite volume
effects. Finally a brief summary concludes our work.
II. FLAVOR TWISTED BOUNDARY CONDITIONS AND BARYON CHIRAL
PERTURBATION THEORY
To address the consequences of twisted boundary conditions in lattice calculations of
baryon properties, we describe the underlying effective theory in the baryon sector. First
we detail the partially twisted boundary conditions employed. Next we include these effects
in chiral perturbation theory, and then heavy baryon chiral perturbation theory.
The quark part of the partially quenched QCD Lagrangian is given by
L =
12∑
j,k=1
Qˆ j (D/+mQ)j
k Qˆk. (1)
The twelve quark fields transform in the fundamental representation of the graded group
SU(7|5), and appear in the vector QˆT = (uˆ0, uˆ1, uˆ2, dˆ1, dˆ2, jˆ, lˆ, ˆ˜u0, ˆ˜u1, ˆ˜u2, ˆ˜d1, ˆ˜d2). In addition
to the valence uˆ0, uˆ1, uˆ2, dˆ1, and dˆ2 quarks, we have added their ghost quark counterparts ˆ˜u0,
ˆ˜u1, ˆ˜u2,
ˆ˜d1 and
ˆ˜d2, which cancel the closed valence loops, and two sea quarks jˆ and lˆ. In the
isospin limit, the quark mass matrix of SU(7|5) reads mQ = diag(mu15×5, mj12×2, mu15×5)
in block diagonal form, where the blocks correspond to valence, sea and ghost sectors. QCD
quantities can be recovered in the limit mj → mu. The additional up and down quarks
are fictitious flavors differing only by their boundary conditions. There is one more up-type
quark than down-type quark because we focus on a theory that will yield proton matrix
elements. Neutron matrix elements can always be derived trivially by interchanging up and
down charges in the final result.1
1 To consider both proton and neutron properties in the same theory, we would need to enlarge the flavor
3
The hats denote fields satisfying twisted boundary conditions. We require that the quark
fields satisfy boundary conditions of the form
Qˆ(x+ Ler) = exp
(
iθar T
a
)
Qˆ(x), (2)
where er is a unit vector in the r
th spatial direction, L is the spatial size of the lattice, and
the block diagonal form of the supermatrices T a is
T a = diag (T a, 0, T a) . (3)
Here we choose T a to be generators of the U(5) Cartan subalgebra. Notice that by Eq. (3),
the sea quarks remain periodic at the boundary. This reflects a partially twisted scenario.
Twist angles can be changed without necessitating the generation of new gauge configu-
rations, because the fermionic determinant, which arises solely from the sea sector, is not
affected by the twisting.
Redefining the quark fields as QT = (u0, u1, u2, d1, d2, j, l, u˜0, u˜1, u˜2, d˜1, d˜2), with Q(x) =
V †(x)Qˆ(x), where V (x) = exp(iθa · x T a/L), we can write the partially quenched QCD
Lagrangian as
L =
12∑
j,k=1
Q j
(
Dˆ/+mQ
)
j
kQk, (4)
where allQ fields satisfy periodic boundary conditions, and the effect of twisting has the form
of a uniform gauge field: Dˆµ = Dµ+ iBµ, where Bµ = (θ
a T a/L, 0). It will be easier to treat
the twisting in the flavor basis of the valence and ghost sectors rather than in the generator
basis, thus we write θa T a = diag(0, θu, θ′u, θd, θ′d), and similarly for Bµ, which appears
as Bµ = diag(B
val
µ , 0, B
val
µ ) in block diagonal form, with B
val
µ = diag(0, B
u
µ, B
′u
µ , B
d
µ, B
′d
µ ).
Momentum transfer will be generated using flavor changing currents from u1 to u2, or from
d1 to d2. Notice we keep the u0 quark periodic; it will play the role of spectator.
The low-energy effective theory of QCD is chiral perturbation theory, which describes
the dynamics of pseudoscalar mesons emerging from spontaneous chiral symmetry breaking.
The mesons of partially quenched chiral perturbation theory [19, 20, 21, 22, 23] are described
by the coset field Σˆ, which satisfies twisted boundary conditions. This field can be traded
in for Σ, defined by Σ(x) = V †(x)Σˆ(x)V (x), which is periodic at the boundary [5]. In terms
of this field, the Lagrangian of partially quenched chiral perturbation theory appears as
L = f
2
8
str
(
DˆµΣDˆµΣ
†
)
− λ str
(
m†QΣ+ Σ
†mQ
)
+ µ20Φ
2
0. (5)
The action of the covariant derivative Dˆµ is specified by DˆµΣ = DµΣ + i[Bµ,Σ]. The
parameter f is the chiral limit value of the pion decay constant, and in our normalization,
f = 0.13 GeV. The above Lagrangian contains only the lowest-order terms in an expansion
in quark mass mQ, and meson momentum k
2. The periodic meson fields contained in the
twelve-by-twelve matrix φ are realized nonlinearly, Σ = exp(2iφ/f). The matrix φ has the
form
φ =

Mvv Mvs χ†gvMsv Mss χ†gs
χgv χgs Mgg

 . (6)
group further to SU(8|6).
4
The mesons ofMvv (Mgg) are bosonic and are formed from a valence (ghost) quark-antiquark
pair. These matrices have the form
Mvv =


ηu00 η
u
01 η
u
02 pi
+
01 pi
+
02
ηu10 η
u
11 η
u
12 pi
+
11 pi
+
12
ηu20 η
u
21 η
u
22 pi
+
21 pi
+
22
pi−10 pi
−
11 pi
−
12 η
d
11 η
d
12
pi−20 pi
−
21 pi
−
22 η
d
21 η
d
22

 , and Mgg =


η˜u00 η˜
u
01 η˜
u
02 p˜i
+
01 p˜i
+
02
η˜u10 η˜
u
11 η˜
u
12 p˜i
+
11 p˜i
+
12
η˜u20 η˜
u
21 η˜
u
22 p˜i
+
21 p˜i
+
22
p˜i−10 p˜i
−
11 p˜i
−
12 η˜
d
11 η˜
d
12
p˜i−20 p˜i
−
21 p˜i
−
22 η˜
d
21 η˜
d
22

 .
The ηqij (η˜
q
ij) mesons have quark content η
q
ij ∼ qiqj (η˜qij ∼ q˜iq˜j), while the pi+ij (p˜i+ij) mesons
have quark content pi+ij ∼ uidj (p˜i+ij ∼ u˜id˜j ). The valence-sea (sea-sea) mesons are bosonic
and contained in Mvs (Mss) as
Msv =
(
φju0 φju1 φju2 φjd1 φjd2
φlu0 φlu1 φlu2 φld1 φld2
)
, and Mss =
(
ηj pijl
pilj ηl
)
.
Mesons contained in χgv (χgs) are built from ghost quark, valence antiquark (sea antiquark)
pairs and are thus fermionic. These states appear as
χgv =


φu˜0u0 φu˜0u1 φu˜0u2 φu˜0d1 φu˜0d2
φu˜1u0 φu˜1u1 φu˜1u2 φu˜1d1 φu˜1d2
φu˜2u0 φu˜2u1 φu˜2u2 φu˜2d1 φu˜2d2
φd˜1u0 φd˜1u1 φd˜1u2 φd˜1d1 φd˜1d2
φd˜2u0 φd˜2u1 φd˜2u2 φd˜2d1 φd˜1d2

 , and χgs =


φu˜0j φu˜0l
φu˜1j φu˜1l
φu˜2j φu˜2l
φd˜1j φd˜1l
φd˜2j φd˜2l

 .
Expanding the Lagrangian in Eq. (5) to lowest order, one finds that mesons with quark
content QQ¯′ have mass
m2QQ′ =
4λ
f 2
(mQ +mQ′). (7)
Thus in infinite volume all mesons fall into one of three groups of mass degenerate states:
valence-valence pions m2pi = 8λmu/f
2, valence-sea mesons m2ju = 4λ(mu + mj)/f
2, and
sea-sea pions m2jj = 8λmj/f
2. In partially quenched simulations, one measures the valence-
valence and sea-sea pion masses. The valence-sea mass is given by the average of the other
two, up to possible discretization errors that arise in hybrid actions.
The flavor singlet field, Φ0 =
1√
2
strφ, additionally acquires a mass µ0 which arises as a
consequence of the U(1)A anomaly. Taking this mass to be large, the flavor singlet field is
then integrated out of partially quenched chiral perturbation theory, however, the propaga-
tors of the flavor-neutral fields deviate from simple pole forms [22, 23]. There are two useful
simplifications to note: twisted boundary conditions have no effect on the flavor neutral sec-
tor, and all valence-valence flavor neutral states are degenerate with mass mpi. For a,b = u0,
u1, u2, d1, or d2, the leading-order ηaηb propagator is thus given by
Gηaηb = δab
1
k2 +m2pi
− 1
2
k2 +m2jj
(k2 +m2pi)
2
. (8)
The flavor neutral propagator can be conveniently rewritten as
Gηaηb =
δab
k2 +m2pi
+Hab
(
1
k2 +m2pi
)
, (9)
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where
Hab (A) = −1
2
[
1 + (m2pi −m2jj)
∂
∂m2pi
]
A . (10)
To include baryons into partially quenched chiral perturbation theory, one uses rank
three flavor tensors [24, 25, 26, 27]. In SU(7|5), the spin-1
2
baryons are described by the
572-dimensional supermultiplet Bˆijk, while the spin-3
2
baryons are described by the 300-
dimensional supermultiplet Tˆ ijkµ [28]. The baryon flavor tensors are twisted at the boundary
of the lattice. In the rth spatial direction, both tensors satisfy boundary conditions of the
form [7]
Bˆijk(x+ eˆrL) =
(
eiθ
a
r T
a
)
ii
(
eiθ
a
r T
a
)
jj
(
eiθ
a
r T
a
)
kk
Bˆijk(x). (11)
Thus we define new tensors Bijk and T ijkµ both having the form
Bijk(x) = V †ii(x)V †jj(x)V †kk(x)Bˆijk(x). (12)
These baryon fields satisfy periodic boundary conditions, and their free Lagrangian has the
form
L = −i
(
BvµDˆµB
)
− 2α(PQ)M
(BBM+)− 2β(PQ)M (BM+B)− 2σ(PQ)M (BB) str (M+)
−i
(
T νvµDˆµTν
)
+∆
(T νTν)+ 2γ(PQ)M (T νM+Tν)+ 2σ(PQ)M (T νTν) str (M+) ,
(13)
where vµ = (0, 0, 0, i) is the Euclidean four-velocity in the rest frame. The mass operator
M+ is defined by M+ = 12
(
ξ†mQξ† + ξmQξ
)
, with ξ =
√
Σ, and the covariant derivative
acts on B and Tµ fields in the same manner, namely
[DˆµB(x)]ijk = [DµB]ijk(x) + i(Biµ +Bjµ +Bkµ)Bijk(x), (14)
with
[DµB]ijk = ∂µBijk + (Vˆµ)ilBljk + (−)ηi(ηj+ηl)(Vˆµ)jlBilk + (−)(ηi+ηj)(ηk+ηl)(Vˆµ)klBijl, (15)
where the vector field of mesons Vˆµ is given by Vˆµ =
1
2
(
ξDˆµξ
† + ξ†Dˆµξ
)
. This free La-
grangian contains a number of low-energy constants but has precisely the same form as in
the SU(4|2) partially quenched theory. Restricting the baryon multiplets to the sea sec-
tor, so that all flavor indices are either 6 or 7, we have nucleons and deltas made only of
sea quarks. Hence the matching conditions are precisely the same as those used to match
SU(4|2) onto SU(2) by restricting the former to the sea sector. The relations between the
low-energy constants appearing in Eq. (13) and those of SU(2) chiral perturbation theory
will not be needed here, but are given in [27].
The leading order partially quenched interaction Lagrangian between the baryons and
mesons appears as
L = 2α
(
BSµBAˆµ
)
+ 2β
(
BSµAˆµB
)
− 2H
(
T νSµAˆµTν
)
+
√
3
2
C
[(
T νAˆνB
)
+
(
BAˆνTν
)]
,
(16)
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where the effects of partial twisting show up in the axial-vector field of mesons Aˆµ =
i
2
(
ξDˆµξ
† − ξ†Dˆµξ
)
. The interaction Lagrangian has the same form as the SU(4|2) theory
of baryons, hence the matching conditions to SU(2) are identical. The familiar low-energy
constants of SU(2) are identified as follows [27]: gA =
2
3
α − 1
3
β, g∆N = −C, and g∆∆ = H.
Notice there is an extra free parameter in the partially quenched interaction Lagrangian
compared to that of SU(2) chiral peturbation theory. We shall write our expressions in
terms of gA and the combination g1 =
1
3
α + 4
3
β. Dependence on g1 must drop out in the
QCD limit, which, for the case at hand, requires both mj → mu and L→∞.
III. NUCLEON MASS
To begin, we determine the nucleon mass in the presence of partially twisted boundary
conditions. In the isospin limit of SU(4|2), the proton and neutron are degenerate [27, 29].
Flavor twisted boundary conditions, however, break the valence flavor symmetry, hence the
nucleons are no longer degenerate. The nucleon mass splittings arise from finite volume
effects induced by the boundary conditions. Effects of this type can be treated using chiral
perturbation theory at finite volume. We work in the p-regime throughout, where mpiL≫ 1
so that zero modes of the pion field do not become strongly coupled [30, 31, 32]. We estimate
the size of the mass splittings on current-sized lattices, and show that their effect can be
neglected for the determination of nucleon observables using twisted boundary conditions.
In the infinite volume limit with Bµ held fixed, the nucleon mass is unaffected by the
boundary conditions. This follows from a generalization of the argument presented for
mesons in [5]. One merely realizes that the nucleon propagators are not boosted in heavy
baryon chiral perturbation theory, because vµBµ = 0. The remaining momenta in a given
diagram are mesonic, and are boosted according to flavor. Now since there are no flavor
changing interactions, the sum of boosts at each vertex is zero. This, along with vµBµ = 0,
assures us we can always shift loop momenta to cast any diagram into a form where the only
B-dependence is that from external momenta. These contributions should be thought of as
kinematical rather than effects which arise in the loops from chiral dynamics. The mass does
not receive dynamical corrections from the boundary conditions, but the energy depends on
the external momentum and has a kinematic dependence on the boundary conditions, e.g. for
a nucleon with lattice momentum k
EN = MN +
(k +B)2
2MN
+ . . . , (17)
where B = θ/L, and . . . denotes terms that are higher order in 1/MN . Here only one
valence quark in the nucleon has been twisted, and by an angle θ. When we try to apply the
same reasoning at finite volume, no shifts of the internal momenta are possible because the
loop momenta are discrete, while the twisting parameters are continuous. Thus there is a
dynamical dependence on the twisting parameters arising from loops, and in finite volume,
MN will depend upon B.
The mass of the nucleon in the chiral expansion can be written in the form
MN =M0(µ)−M (1)N (µ)−M (3/2)N (µ) + . . . , (18)
where µ is the renormalization scale, and M
(n)
N denotes the contribution to the nucleon mass
of order mnq . The linear quark mass dependence arises from the local operators in Eq. (13)
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
FIG. 1: Diagrams contributing to the nucleon mass and wavefunction renormalization in partially
quenched chiral perturbation theory. A thin (thick) line denotes a spin-1/2 (spin-3/2) baryon,
while a dashed line denotes a meson. Partially quenched hairpins are depicted by a crossed dashed
line.
at tree level, while the leading non-analytic contribution O(m3/2q ) arises from the one-loop
diagrams shown in Figure 1. The local interactions do not contribute to finite volume effects,
only the meson loops that are shown in the figure. For periodic boundary conditions, the
finite volume effects on the nucleon mass have been determined in [33]. To express the finite
volume corrections to the nucleon mass with flavor twisted boundary conditions, we require
the mode sum
K(m,B,∆) =
∫ ∞
0
dλ
[
1
L3
∑
n
(k +B)2
[(k +B)2 + β2∆]
3/2
−
∫
dk
(2pi)3
k2
[k2 + β2∆]
3/2
]
, (19)
with β2∆ = λ
2 + 2∆λ +m2, and k = 2pin/L where n is a triplet of integers. Evaluation of
this function, as well as other finite volume sums, is discussed in Appendix A.
Consider purely valence nucleon states with exactly one twisted quark. These will be
the only nucleons relevant in the computation of matrix elements with twisted boundary
conditions. It is easiest to classify these states according to their representations under the
valence subgroup of the two degenerate untwisted quarks. In our formulation, we must set
the twist angles for these quarks to zero by hand. There is both a singlet, 1, and triplet,
3, representation for singly twisted nucleons under the untwisted valence SU(2). For the
mass of a nucleon with one twisted valence quark in the 3 representation, we find the finite
volume shift δMN3(B) is given by
δMN3(B) = −
1
2f 2
{
g2piN3N3K(mpi, 0, 0) + g′ 2piN3N3K(mpi,B, 0) + g2juN3N3K(mju, 0, 0)
+ g′ 2juN3N3K(mju,B, 0) + (gA + g1)2Huu
(
K(mpi, 0, 0)
)
+
1
9
g2∆N
[
K(mpi, 0,∆) + 5K(mpi,B,∆) + 2K(mju, 0,∆) + 4K(mju,B,∆)
]}
.
(20)
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The effective axial couplings are defined by
g2piN3N3 =
1
3
(g2A + 2gAg1 + g
2
1/4),
g′ 2piN3N3 =
1
3
(g2A − gAg1 − 5g21/4),
g2juN3N3 =
1
3
(4g2A + 2gAg1 + g
2
1),
g′ 2juN3N3 =
1
2
g21. (21)
On the other hand, for a nucleon in the 1 representation, we find the finite volume shift
δMN1(B) given by
δMN1(B) = −
1
2f 2
{
g2piN1N1K(mpi, 0, 0) + g′ 2piN1N1K(mpi,B, 0) + g2juN1N1K(mju, 0, 0)
+ g′ 2juN1N1K(mju,B, 0) + (gA + g1)2Huu
(
K(mpi, 0, 0)
)
+
1
3
g2∆N
[
K(mpi, 0,∆) +K(mpi,B,∆) + 2K(mju, 0,∆)
]}
. (22)
The effective axial couplings for the singlet nucleon mass are defined by
g2piN1N1 =
1
9
(g2A − 4gAg1 − 11g21/4),
g′ 2piN1N1 =
1
9
(5g2A + 7gAg1 − g21/4),
g2juN1N1 =
1
9
(4g2A + 2gAg1 + 7g
2
1),
g′ 2juN1N1 =
1
9
(8g2A + 4gAg1 + g
2
1/2). (23)
In the limit B = 0, there is no difference between the representations, and we recover
accordingly the finite volume shift of the partially quenched nucleon mass [33]. In the rest
of this section, we work for simplicity at the unitary mass point mj = mu, so that m
2
ju = m
2
pi.
We consider nucleon splittings for two cases that are of interest in current matrix elements:
rest frame kinematics, and Breit frame kinematics. In the rest frame kinematics, the initial
nucleon is at rest, and hence completely untwisted. The final nucleon has been given a
boost by twisting one of the quarks by θ. In this case, there are three mass splittings among
the various nucleons: that between the 3 and untwisted nucleon, that between the 1 and
untwisted nucleon, and that between the 3 and 1 nucleons. The relative change in these
splittings is given by
∆M3 ≡ MN3(B)−MN
MN
(24)
= − 1
2f 2MN
{
1
3
(g2A − gAg1 + g21/4)
[
K(mpi,B, 0)−K(mpi, 0, 0)
]
+ g2∆N
[
K(mpi,B,∆)−K(mpi, 0,∆)
]}
, (25)
9
∆M1 ≡ MN1(B)−MN
MN
(26)
= − 1
2f 2MN
{
1
9
(13g2A + 11gAg1 + g
2
1/4)
[
K(mpi,B, 0)−K(mpi, 0, 0)
]
+
1
3
g2∆N
[
K(mpi,B,∆)−K(mpi, 0,∆)
]}
, (27)
and
∆M3−1 ≡ MN3(B)−MN1(B)
MN
(28)
= − 1
2f 2MN
{
− 1
9
(10g2A + 14gAg1 − g21/2)
[
K(mpi,B, 0)−K(mpi, 0, 0)
]
+
2
3
g2∆N
[
K(mpi,B,∆)−K(mpi, 0,∆)
]}
, (29)
respectively.
On the other hand, for the Breit frame kinematics the initial state nucleon has one
quark twisted by θ, while the final state nucleon has one quark twisted by −θ. The finite
volume modification given by the function K(m,B,∆) in Eq. (19) is even with respect to B.
Thus initial and final state nucleons in the same representation of the untwisted SU(2) are
degenerate. The only non-vanishing splitting is between the different representations, but
on account of evenness in B, this splitting is identical to ∆M3−1 given above in Eq. (28).
Numerically we can estimate the nucleon splittings by using phenomenological input for
the low-energy constants: gA = 1.25, g∆N = 1.5, ∆ = 0.29 GeV, MN = 0.94 GeV, and
f = 0.13 GeV. For the unknown partially quenched axial coupling g1, we assume it is of
natural size and vary it within the rage −2 ≤ g1 ≤ 2. Each of the mass splittings ∆M3,
∆M1, and ∆M3−1 is a maximum when θ = pi(1, 1, 1). We choose this value for θ to
investigate the worst case scenario. In Figure 2, we investigate the relative mass splittings’
dependence on L for a fixed value of mpi, which is chosen to be 0.25 GeV. Values shown
for the maximal splittings are all less than five percent. We will thus neglect the nucleon
splittings in our analysis below.2
IV. NUCLEON ISOVECTOR FORM FACTORS
Electromagnetic form factors appear in vector current matrix elements of the nucleon.
In terms of Dirac and Pauli form factors denoted by FN1 (Q
2) and FN2 (Q
2), respectively, the
nucleon current matrix element has the decomposition
〈N(P ′)|Jemµ |N(P )〉 = u(P ′)
[
γµF
N
1 (Q
2)− σµνQν
2MN
FN2 (Q
2)
]
u(P ), (30)
2 Additionally partially twisted isospin splittings in the meson sector have been shown to be negligible on
current sized lattices [13]. The same is true of the infrared renormalization of the twist angles. These
effects will hence also be neglected.
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FIG. 2: Numerical estimates for the maximal nucleon splittings at finite volume, ∆M3, ∆M1,
and ∆M3−1 given in Eqs. (24), (26), and (28), respectively. We plot each relative splitting as a
function of L with the lattice pion mass fixed at mpi = 0.25 GeV. The twist angles are fixed at
θ = pi(1, 1, 1) to give the maximal splittings. The bands arise from variation of the parameter g1
assuming naturalness.
where Qµ = (P
′ − P )µ is the momentum transfer. In QCD, the electromagnetic current is
given as Jemµ = qu uγµu + qd dγµd. In heavy baryon chiral perturbation theory, the decom-
position of the current appears in terms of the Sachs electric and magnetic form factors,
GNE (Q
2) and GNM(Q
2), i.e. one has
〈Nv(P ′)|Jemµ |Nv(P )〉 = uv
[
vµG
N
E (Q
2)− [Sµ, Sν ]Qν
MN
GNM(Q
2)
]
uv, (31)
with the relations
GNE (Q
2) = FN1 (Q
2) +
Q2
4M2N
FN2 (Q
2) (32)
GNM(Q
2) = FN1 (Q
2) + FN2 (Q
2). (33)
We have appended velocity subscripts in Eq. (31) for clarity. The uv are two-component
Pauli spinors.
To calculate these form factors with twisted boundary conditions on the lattice, one
writes the current matrix element in terms of the various quark contractions with the elec-
tromagnetic current. The propagators coupling to the current in each contraction we call
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the active quark propagators. These are the propagators determined with twisted boundary
conditions. Omitted from this calculation are the current insertions on quark lines that are
self-contracted. These disconnected contributions are notoriously difficult to calculate us-
ing lattice QCD. This difficulty notwithstanding, their contributions cannot be modified to
produce continuous momentum transfer between the initial and final state hadron. As with
present-day lattice calculations, we too will omit these contributions but with the caveat
that their eventual inclusion will be limited to hadrons with Fourier momentum modes of
the lattice.
Now we discuss precisely how to calculate the connected part of the nucleon form factors
in the effective theory. To specialize to the application of twisted boundary conditions on
the active quarks, we must separate the current into two pieces,
J1µ = qu u2γµu1 (34)
J2µ = qd d2γµd1. (35)
By evaluating matrix elements of J1µ with θ
u = θ, θ′u = θ′, and J2µ with θ
d = θ, θ′d = θ′,
both currents induce momentum transfer from P = θ/L to P ′ = θ′/L. First let us consider
proton matrix elements. Considering the quark-level contractions, we find
3
2
〈
N1(uu2d1)
∣∣J1µ∣∣N1(uu1d1)〉
∣∣∣∣∣
θd=0
+
1
2
〈
N3(uu2d1)
∣∣J1µ∣∣N3(uu1d1)〉
∣∣∣∣∣
θd=0
+
〈
N3(uud2)
∣∣J2µ∣∣N3(uud1)〉 L→∞−→ 〈p(P ′)|Jemµ |p(P )〉connected. (36)
The subscripts on N refer to the representation under untwisted isospin, and parenthetically
we list the quark content. We treat the active quark twists as implicit: each is from an initial
quark, u1 or d1, with twist θ to a final quark, u2 or d2, with twist θ
′. We stress that Eq. (36)
provides the recipe for calculating in the effective theory what is implemented on the lattice
by twisting the active quarks. For the neutron there is a similar construction, however, it
is easiest to appeal to charge symmetry (isospin rotation by pi/2) from which follows the
relation
〈n(P ′)|Jemµ |n(P )〉 = 〈p(P ′)|Jemµ |p(P )〉
∣∣∣∣∣
qu↔qd
. (37)
In partially quenched QCD, the current is defined by Jaµ = QγµQaQ. The choice of
supermatrices Qa used to extend the charges is not unique [34]. One should choose a form
of the supermatrices that maintains the cancellation of valence and ghost quark loops with
an operator insertion [35]. For the flavor changing currents we consider, the simplest choice
(Q1)ij = qu δi3 δj2 and (Q2)ij = qd δi5 δj4 results in the correct physics. This is because
operator self-contractions automatically vanish; thus, any non-zero charges in the ghost
sector must ultimately yield zero, and consequently would be superfluous. Charges in the
sea, while not superfluous, are absent due to restricting to the connected part of three-point
functions.
Operators that contribute at tree-level to the electromagnetic currents in SU(2) chiral
perturbation theory are contained in the Lagrangian
L = − iµ0
2MN
(
N [Sµ, Sν ]N
)
tr(Q)Fµν − iµI
2MN
(
N [Sµ, Sν ]QN
)
Fµν
− c0
Λ2χ
(
NN
)
tr(Q)vµ∂νFµν − cI
Λ2χ
(
NQN) vµ∂νFµν , (38)
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where Q = diag(qu, qd) is the electric charge matrix. The operators with coefficients µ0
and µI give the leading local contributions to the magnetic moments, while the operators
with coefficients c0 and cI give the leading local contributions to the electric charge radii.
Operators for the magnetic radii occur at one higher order than the leading loop contri-
butions. The combination 2
3
µ0 +
1
3
µI is isoscalar, while µI is isovector. Analogous linear
combinations of c0 and cI form isoscalar and isovector contributions to the charge radius.
In writing down the analogous terms in the partially quenched chiral Lagrangian, Q → Qa.
Because of the condition str(Qa) = 0, we see that there will be missing information in the
partially quenched theory: there will only be operators where Qa transforms under the ad-
joint, because of the lack of singlet component. This is the effective theory manifestation
of neglecting the disconnected contributions. Consequently we will not be sensitive to the
isoscalar combination low-energy constants.
To consider the baryon current in partially twisted, partially quenched chiral perturbation
theory, we promote Qa from the specific form used in our calculations to the most general
form transforming under both the adjoint and singlet of SU(7|5). The baryon current has
the form
δJaµ = −
i
2MN
{
µαDˆν
(B[Sµ, Sν ]BQa)+ µβDˆν (B[Sµ, Sν]QaB) + µγDˆν (B[Sµ, Sν ]B) str(Qa)}
− 1
Λ2χ
{
cα
[
DˆµDˆν
(BvνBQa)− Dˆ2 (BvνBQa)]+ cβ [DˆµDˆν (BvνQaB)− Dˆ2 (BvνQaB)]
+ cγ
[
DˆµDˆν
(BvνB)− Dˆ2 (BvνB)] str(Qa)
}
. (39)
Restricting all quark indices in Eq. (39) to the sea sector, we can match onto the nucleon
current of two-flavor chiral perturbation theory in Eq. (38). Matching with the physical
light quark charges yields the relations
µ0 =
1
6
µα +
2
3
µβ + µγ, µI =
2
3
µα − 1
3
µβ, (40)
c0 =
1
6
cα +
2
3
cβ + cγ, cI =
2
3
cα − 1
3
cβ, (41)
between the partially quenched low-energy constants and the physical parameters of chiral
perturbation theory. Because our current lacks a flavor singlet component, str(Qa) = 0, the
constants µγ and cγ will always be absent from our expressions for nucleon current matrix
elements. Consequently only the isovector combinations will be expressible in terms of
physical parameters, specifically µI and cI . The isoscalar combinations will always contain
unphysical low-energy constants even at the unitary mass point mj = mu.
A. Infinite Volume
A useful check on our formulation of current matrix elements for partially twisted bound-
ary conditions is the infinite volume limit. In this limit, we must recover the connected parts
of the proton and neutron form factors. These results, moreover, show the consequences of
vanishing sea quark charges, and are of use to lattice practitioners beyond the use of twisted
boundary conditions.
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FIG. 3: Diagrams contributing to the nucleon vector current in partially quenched chiral perturba-
tion theory. A thin (thick) line denotes a spin-1/2 (spin-3/2) baryon, while a dashed line denotes
a meson. Partially quenched hairpins are depicted by a crossed dashed line and the wiggly line
represents the vector current.
The calculation of the current matrix elements in Eq. (36) can be split into two parts.
There are local contributions and loop contributions. The local terms are easiest: there
are Born level charge couplings contained in the free Lagrangian (13), and there are addi-
tional local contributions from higher-order operators appearing in the baryon current (39).
The loop contributions are generated from the pion-nucleon-nucleon and pion-nucleon-delta
interactions contained in the Lagrangian Eq. (16). The relevant diagrams are depicted in
Figure 3. Additionally at this order, we need to multiply the Born-level couplings by the
wavefunction renormalization which arises from the diagrams in Figure 1.
To express the form factors, we define the three momentum transfer Q = q +B′ −B,
and the quantity
Pφ =
√
1 +
x(1− x)Q2
m2φ
. (42)
Here we are additionally considering the nucleon with Fourier momentum transfer q =
2pin/L, where n is a triplet of integers. Expressing the form factors in terms of Q, we
can easily generalize between the untwisted case B = B′ = 0, and the case of zero lattice
momentum q = 0. In infinite volume, all results can be expressed as a function of Q.
For the proton, the local and loop contributions produce the connected part of the electric
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form factor
GpE(Q
2) = 2qu + qd +
Q2
6Λ2χ
[ qu(5cα + 2cβ) + qd(cα + 4cβ)]
+
2
(4pif)2
∫ 1
0
dx (2qu + qd)
{
1
6
Q2 log
m2ju
µ2
+m2juP
2
ju logP
2
ju
}
+
1
(4pif)2
∫ 1
0
dx
{
βpi
[
−5
6
Q2 log
m2pi
µ2
+m2pi(2− 5P 2pi ) logP 2pi
]
+ βju
[
−5
6
Q2 log
m2ju
µ2
+m2ju(2− 5P 2ju) logP 2ju
]}
+
6g2∆N
(4pif)2
∫ 1
0
dx
{
β ′pi
[
J(mpiPpi,∆, µ)− J(mpi,∆, µ) + 2
3
x(1 − x)Q2G(mpiPpi,∆)
]
+ β ′ju
[
J(mjuPju,∆, µ)− J(mju,∆, µ) + 2
3
x(1− x)Q2G(mjuPju,∆)
]}
.
(43)
The coefficients from contributing loop mesons are given by
βpi = −1
3
(g2A − gAg1 + g21/4)(qu − qd),
βju = −1
3
(
4g2A + 2gAg1 + g
2
1
)
qu − 1
2
g21qd, (44)
for loops containing spin-1/2 intermediate state baryons, and
β ′pi = −
1
6
(qu − qd),
β ′ju =
1
9
(qu + 2qd), (45)
for loop containing spin-3/2 intermediate state baryons. From the pion coefficients, one can
clearly see the photon’s coupling to the total charge of the pion, qu − qd. The valence-sea
meson coefficients, however, reflect that the photon couples to only the valence quarks. The
connected part of the proton magnetic form factor is given by
GpM(Q
2) =
1
6
[ qu(5µα + 2µβ) + qd(µα + 4µβ)] +
MB
4pif 2
∫ 1
0
dx
[
βpimpiPpi + βjumjuPju
]
+
MBg
2
∆N
4pi2f 2
∫ 1
0
dx
[
β ′piF (mpiPpi,∆) + β
′
juF (mjuPju,∆)
]
. (46)
In writing the above expressions we have made use of abreviations for the non-analytic
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functions encountered from loop graphs. These functions are
F (m, δ) = −δ log m
2
4δ2
+
√
δ2 −m2 log δ −
√
δ2 −m2 + iε
δ +
√
δ2 −m2 + iε , (47)
G(m, δ) = log
m2
4δ2
− δ√
δ2 −m2 log
δ −√δ2 −m2 + iε
δ +
√
δ2 −m2 + iε , (48)
J(m, δ, µ) = m2 log
m2
µ2
− 2δ2 log m
2
4δ2
+ 2δ
√
δ2 −m2 log δ −
√
δ2 −m2 + iε
δ +
√
δ2 −m2 + iε , (49)
and have been renormalized to vanish in the chiral limit. The neutron electric and magnetic
form factors can be deduced from the above expressions by swapping the electric charges
GnE(Q
2) = GpE(Q
2)
∣∣∣∣∣
qu↔qd
, and GnM(Q
2) = GpM(Q
2)
∣∣∣∣∣
qu↔qd
. (50)
Let us focus first on the connected proton form factors at the unitary mass pointmj = mu.
Using the physical valence quark charges, we have the connected proton electric form factor
GpE(Q
2) = 1 +
cαQ
2
2Λ2χ
+
2
(4pif)2
∫ 1
0
dx
{
1
6
Q2 log
m2pi
µ2
+m2piP
2
pi logP
2
pi
}
− 1
9(4pif)2
(11g2A + gAg1 + 5g
2
1/4)
∫ 1
0
dx
[
−5
6
Q2 log
m2pi
µ2
+m2pi(2− 5P 2pi ) logP 2pi
]
− g
2
∆N
(4pif)2
∫ 1
0
dx
[
J(mpiPpi,∆, µ)− J(mpi,∆, µ) + 2
3
x(1 − x)Q2G(mpiPpi,∆)
]
.
(51)
Compared to full electric form factor, the connected contribution has the wrong coefficients
for the tadpole and delta loop contributions. It depends, moreover, on the unphysical low-
energy constants cα and g1, which survive as artifacts of quenching the sea quark charges.
The situation is similar with respect to the connected contribution to the proton magnetic
form factor
GpM(Q
2) =
1
2
µα − MB
36pif 2
(11g2A + gAg1 + 5g
2
1/4)
∫ 1
0
dxmpiPpi − MBg
2
∆N
24pi2f 2
∫ 1
0
dxF (mpiPpi,∆).
(52)
Compared to the full magnetic form factor the delta contribution does not have the correct
numerical factor, and the result depends on unphysical parameters µα and g1.
Connected neutron form factors suffer analogous maladies as the reader can easily verify.
By contrast, the isovector form factors have the correct form. These form factors are defined
as the difference between proton and neutron form factors
GvE(Q
2) = GpE(Q
2)−GnE(Q2), (53)
GvM(Q
2) = GpM(Q
2)−GnM(Q2). (54)
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In the isospin limit, the disconnected operator insertion must cancel out of the isovector
combinations. Using the connected form factors for the proton and neutron, we find
GvE(Q
2) = 1 + cI
Q2
Λ2χ
+
2
(4pif)2
∫ 1
0
dx
{
1
6
Q2 log
m2ju
µ2
+m2juP
2
ju logP
2
ju
}
− 1
6(4pif)2
∫ 1
0
dx
{
g2piNN
[
−5
6
Q2 log
m2pi
µ2
+m2pi(2− 5P 2pi ) logP 2pi
]
+ g2juNN
[
−5
6
Q2 log
m2ju
µ2
+m2ju(2− 5P 2ju) logP 2ju
]}
− 2g
2
∆N
(4pif)2
∫ 1
0
dx
{
J(mpiPpi,∆, µ)− J(mpi,∆, µ) + 2
3
x(1− x)Q2G(mpiPpi,∆)
+
1
3
[
J(mjuPju,∆, µ)− J(mju,∆, µ) + 2
3
x(1 − x)Q2G(mjuPju,∆)
]}
,
(55)
where we have abbreviated the combination of couplings
g2piNN = 4g
2
A − 4gAg1 + g21,
g2juNN = 8g
2
A + 4gAg1 − g21. (56)
These appear as effective axial couplings squared for pion and valence-sea meson loops in
partially quenched chiral perturbation theory after summing over degenerate mesons. The
partially quenched isovector magnetic form factor is
GvM(Q
2) = µI − MB
24pif 2
∫ 1
0
dx
[
g2piNNmpiPpi + g
2
juNNmjuPju
]
−MBg
2
∆N
12pi2f 2
∫ 1
0
dx
[
F (mpiPpi,∆) +
1
3
F (mjuPju,∆)
]
. (57)
These partially quenched form factors agree with those determined in SU(4|2) partially
quenched chiral perturbation theory [27, 36]. The local contributions are now proportional
to µI and cI , which are physical parameters. Both of these partially quenched form factors,
however, depend on the unphysical coupling g1. Taking the valence-sea meson to be degen-
erate with the pion, m2ju = m
2
pi, this dependence disappears because g
2
piNN + g
2
juNN = 12g
2
A.
It is only in this limit that the isovector form factors reproduce the correct QCD physics.3
3 This point is often overlooked, particularly in mixed action simulations which are automatically partially
quenched. In a mixed action simulation, the valence and sea pion masses are tuned in order to mitigate
unitarity violations. The valence-sea meson mass, however, is not protected from additive renormalization
and is degenerate with the pion only in the strict continuum limit.
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FIG. 4: Additional diagrams contributing to the nucleon vector current in finite volume PQχPT.
Diagram elements are the same as those in Figure 3. In the infinite volume limit, these diagrams
vanish by Lorentz invariance.
For completeness, the nucleon isovector form factors resulting from taking m2ju = m
2
pi are
GvE(Q
2) = 1 + cI
Q2
Λ2χ
+
2
(4pif)2
∫ 1
0
dx
[
1
6
Q2 log
m2pi
µ2
+m2piP
2
pi logP
2
pi
]
− 2g
2
A
(4pif)2
∫ 1
0
dx
[
−5
6
Q2 log
m2pi
µ2
+m2pi(2− 5P 2pi ) logP 2pi
]
− 8g
2
∆N
3(4pif)2
∫ 1
0
dx
[
J(mpiPpi,∆, µ)− J(mpi,∆, µ) + 2
3
x(1 − x)Q2G(mpiPpi,∆)
]
,
(58)
for the isovector electric, and
GvM(Q
2) = µI − g
2
AMB
2pif 2
∫ 1
0
dxmpiPpi − MBg
2
∆N
9pi2f 2
∫ 1
0
dxF (mpiPpi,∆), (59)
for the isovector magnetic form factor. These results agree with the standard two-flavor
chiral perturbation theory calculations in the literature [37, 38].
B. Finite Volume
We now evaluate the matrix elements contributing to the connected part of the proton
current in Eq. (36) in finite volume. This requires us to revisit the computation of the
wavefunction renormalization diagrams shown in Figure 1, and the form factor diagrams
shown in Figure 3. Additionally there are new contributing diagrams which are displayed
in Figure 4. These diagrams ordinarily vanish in infinite volume by Lorentz invariance.
Furthermore at finite volume with periodic boundary conditions, these diagrams also vanish
but by the remnant discrete rotational symmetry (cubic invariance). With continuous twist
angles, however, these diagrams do not vanish and are required in our computation of current
matrix elements.
Resulting expressions for the temporal and spatial components of the current are quite
lengthy and are displayed in their entirety in Appendix A. For ease, the expressions given in
this section will employ various simplifications. Firstly we work at the unitary mass point,
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m2ju = m
2
pi. We will focus on the connected proton result, as well as the isovector combination
of finite volume matrix elements. Additionally as Lorentz symmetry is not respected at
finite volume, the form factor decomposition in infinite volume is no longer valid, see [39],
for example. With twisted boundary conditions, we find the temporal component of the
current acquires spin dependence at finite volume. Similarly the spatial components of the
current acquire spin diagonal terms. These terms are displayed in Appendix A, while the
expressions presented here will either be unpolarized for the temporal component, or the
difference of polarized matrix elements in the case of the spatial components. Lastly the
results in Appendix A are for a general frame of reference in which the initial state moves
with momentum θ/L, and the final state moves with θ′/L. The expressions given in this
section will be specific to either the rest frame, in which θ = 0, or the Breit frame, in which
θ = −θ′.
1. Rest Frame
In the rest frame, the momentum transfer is given by Q = q + B′. The finite volume
modifications to proton current matrix elements are given by
1
2
∑
m=±
〈p,m|δJ4|p,m〉 = 1
f 2
∫ 1
0
dx
[
I1/2(mpiPpi, xQ)− 1
2
I1/2(mpi, 0)− 1
2
I1/2(mpi,B′)
]
− 1
12f 2
{
(11g2A + gAg1 + 5g
2
1/4)
[
J (mpi, 0, 0) + J (mpi,B′, 0)
)]
− 3g2∆N
[J (mpi, 0,∆) + J (mpi,B′,∆)]
}
+
1
6f 2
∫ 1
0
dx
[
(11g2A + gAg1 + 5g
2
1/4)J (mpiPpi, 0,Q, xQ, 0)
− 3g2∆NJ (mpiPpi, 0,Q, xQ,∆)
]
, (60)
for the unpolarized time component of the current; and,
〈p,±|δJi|p,∓〉 = 1
f 2
〈±| [Sk, Sj] |∓〉
{
δki
1
9
(13g2A + 11gAg1 + g
2
1/4)Kj(mpi,B′, 0)
− δki g
2
∆N
6
Kj(mpi,B′,∆)
+
1
6
Qk
∫ 1
0
dx
[
(11g2A + gAg1 + 5g
2
1/4)Lji(mpiPpi, 0,Q, xQ, 0)
+
3
2
g2∆NLji(mpiPpi, 0,Q, xQ,∆)
]}
, (61)
for the spatial components. We have chosen spin-flip matrix elements; these are simply
related to differences of spin polarized matrix elements.
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The finite volume corrections to isovector matrix elements, we write out similarly.
1
2
∑
m=±
〈p,m|δJ+4 |n,m〉 =
1
f 2
∫ 1
0
dx
[
I1/2(mpiPpi, xQ)− 1
2
I1/2(mpi, 0)− 1
2
I1/2(mpi,B′)
]
− 3
2f 2
{
g2A
[
J (mpi, 0, 0) + J (mpi,B′, 0)
)]
− 4
9
g2∆N
[J (mpi, 0,∆) + J (mpi,B′,∆)]
}
+
3
f 2
∫ 1
0
dx
[
g2AJ (mpiPpi, 0,Q, xQ, 0)−
4
9
g2∆NJ (mpiPpi, 0,Q, xQ,∆)
]
,
(62)
for the unpolarized time component of the current; and,
〈p,±|δJ+i |n,∓〉 =
1
f 2
〈±| [Sk, Sj ] |∓〉
{
2δki(g
2
A + gAg1)Kj(mpi,B′, 0)
+3Qk
∫ 1
0
dx
[
g2ALji(mpiPpi, 0,Q, xQ, 0) +
2
9
g2∆NLji(mpiPpi, 0,Q, xQ,∆)
]}
,
(63)
for the spin-flip spatial current.
2. Breit Frame
In the Breit frame, we choose B′ = −B and the the momentum transfer is thus given by
Q = q − 2B. The finite volume modifications to proton current matrix elements are given
by
1
2
∑
m=±
〈p,m|δJ4|p,m〉 = 1
f 2
∫ 1
0
dx
[I1/2(mpiPpi, xQ+B)− I1/2(mpi,B)]
− 1
6f 2
[
(11g2A + gAg1 + 5g
2
1/4)J (mpi,B, 0)− 3g2∆NJ (mpi,B,∆)
]
+
1
6f 2
∫ 1
0
dx
[
(11g2A + gAg1 + 5g
2
1/4)J (mpiPpi,B,Q+B, xQ+B, 0)
− 3g2∆NJ (mpiPpi,B,Q+B, xQ+B,∆)
]
, (64)
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for the unpolarized time component of the current; and,
〈p,±|δJi|p,∓〉 = 1
f 2
〈±| [Sk, Sj] |∓〉
{
− δki2
9
(13g2A + 11gAg1 + g
2
1/4)Kj(mpi,B, 0)
+ δki
g2∆N
3
Kj(mpi,B,∆)
+
1
6
Qk
∫ 1
0
dx
[
(11g2A + gAg1 + 5g
2
1/4)Lji(mpiPpi,B,Q+B, xQ+B, 0)
+
3
2
g2∆NLji(mpiPpi,B,Q+B, xQ+B,∆)
]}
, (65)
for the spatial components.
The isovector current matrix elements can similarly be derived in the Breit frame. For
the time component of the current, we have
1
2
∑
m=±
〈p,m|δJ+4 |n,m〉 =
1
f 2
∫ 1
0
dx
[I1/2(mpiPpi, xQ+B)− I1/2(mpi,B)]
− 3
f 2
[
g2AJ (mpi,B, 0)−
4
9
g2∆NJ (mpi,B,∆)
]
+
3
f 2
∫ 1
0
dx
[
g2AJ (mpiPpi,B,Q+B, xQ+B, 0)
− 4
9
g2∆NJ (mpiPpi,B,Q+B, xQ+B,∆)
]
. (66)
Finally, the spatial isovector current has the spin-flip finite volume corrections given by
〈p,±|δJ+i |n,∓〉 =
1
f 2
〈±| [Sk, Sj] |∓〉
{
− 4δki(g2A + gAg1)Kj(mpi,B, 0)
+3Qk
∫ 1
0
dx
[
g2ALji(mpiPpi,B,Q+B, xQ+B, 0)
+
2
9
g2∆NLji(mpiPpi,B,Q+B, xQ+B,∆)
]}
. (67)
C. Numerical Estimates
To estimate the effect of finite volume corrections, we use phenomenological input for
the various coupling constants. The values we use have been listed above in Section III.
We restrict our attention to isovector quantities and numerically evaluate the corrections in
the rest frame. We will comment on the qualitative behavior of volume corrections in Breit
frame.
Consider first the finite volume corrections to the isovector electric form factor GvE(Q
2).4
4 Strictly speaking there are no longer electric and magnetic form factors on a torus as the decomposition
in Eq. (30) relies on Lorentz invariance. We will use electric (magnetic) to denote quantities calculated
from the temporal (spatial) component of the current with the appropriate spin structure.
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FIG. 5: Relative change in the isovector electric form factor due to twisted boundary conditions
in the rest frame. Plotted versus the twisting angle θ′ is ∆GvE(Q
2, L) given in Eq. (69). The lattice
size L is fixed at 2.75 fm, and the momentum transfer is |Q| = θ′/L = θ′ × 0.072 GeV.
To access this form factor, we use unpolarized matrix elements of the time component of
the current. We find
GvE(Q
2, L) = GvE(Q
2) + δL[G
v
E(Q
2)], (68)
where GvE(Q
2) is the infinite volume form factor given by Eq. (58), and δL[G
v
E(Q
2)] is the
finite volume correction which is identical to the unpolarized matrix element in Eq. (62).
Here we work with the momentum transfer entirely due to twisting Q = B′ = θ′/L, and
take θ′ to lie along one spatial direction. Notice the finite volume correction to the isovector
electric form factor is independent of any unphysical parameters, in particular the coupling
g1. The infinite volume isovector electric form factor depends on the parameter cI(µ), the
value of which can be inferred from the charge radii of the proton and neutron. Using the
Particle Data Group averages [40], we find cI(µ = 1 GeV) = −0.393. In Figure 5, we plot the
relative change in the isovector electric form factor due to volume effects ∆GvE defined by
∆GvE(Q
2, L) =
GvE(Q
2, L)−GvE(Q2)
GvE(Q
2)
. (69)
Here we keep the box size fixed at 2.75 fm, and plot versus the twisting angle θ′. Qualitatively
the finite volume effect oscillates about the infinite volume form factor as θ′ is increased.
The oscillations are damped, but this behavior is apparent at momentum transfers too large
to trust the effective theory. There are no finite size effects at θ′ = 0 because of charge
non-renormalization (which holds due to treating the time direction as infinite). The results
are shown for mpi = 0.25 GeV with the finite volume effect generally at the percent level or
less. The effect of finite volume is of course smaller for larger pion masses.
Considering the spatial components of the current, we can determine the magnetic form
factor. Additionally there are volume corrections to the spatial current, and the net effect
has the form
GvM(Q
2, L) = GvM(Q
2) + δL[G
v
M(Q
2)], (70)
where GvM(Q
2) is the infinite volume form factor given by Eq. (59) and δL[G
v
M(Q
2)] is the
finite volume correction, which follows from Eq. (63). Choosing for simplicity B′ = B′yˆ,
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FIG. 6: Relative change in the isovector magnetic form factor due to twisted boundary conditions
in the rest frame. Plotted versus the twisting angle θ′ is ∆GvM (Q
2, L) given in Eq. (72). The lattice
size L is fixed at 2.75 fm, and the momentum transfer is |Q| = θ′/L = θ′ × 0.072 GeV. The bands
arise from uncertainty in the low-energy constant g1, which we vary assuming it is of natural size.
and utilizing the zˆ component of the current between an initial state spin-up and final state
spin-down, we have
δL[G
v
M(Q
2)] =
−2MN
B′f 2
(g2A + gAg1)K2(mpi, B′yˆ, 0)
+
3MN
f 2
∫ 1
0
dx
[
g2AL33(mpiPpi, 0, B′yˆ, xB′yˆ, 0)
+
2
9
g2∆NL33(mpiPpi, 0, B′yˆ, xB′yˆ,∆)
]
. (71)
Notice this volume correction depends on the unphysical coupling g1 which arises as a
consequence of having enlarged the valence flavor group. The infinite volume isovector
magnetic form factor depends upon the parameter µI which we can estimate using the known
values of the proton and neutron magnetic moments. We find µI = 6.77. In Figure 6, we
plot the relative change in the isovector magnetic form factor due to volume effects ∆GvM
defined by
∆GvM (Q
2, L) =
GvM(Q
2, L)−GvM(Q2)
GvM(Q
2)
. (72)
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FIG. 7: Comparison of finite volume and infinite volume isovector magnetic form factors. Plotted
as functions of Q2 are the infinite volume form factor GvM (Q
2), and finite volume form factor
GvM (Q
2, L). The lattice size is 2.75 fm, and the value of the unknown axial coupling has been fixed
to g1 = −0.5.
Again we keep the box size fixed at 2.75 fm, and plot versus the twisting angle θ′. Because
the effect is non-negligible, we choose a few values of the pion mass. The result, moreover,
is sensitive to the value of g1 which has been varied assuming natural size, −2 ≤ g1 ≤ 2. In
Figure 7, we compare the extracted form factor at finite volume GvM(Q
2, L) with the infinite
volume form factor GvM(Q
2) as a function of Q2 = θ′2/L2. In this figure, we keep the lattice
size at 2.75 fm, and fix the pion mass to be 0.25 GeV. Furthermore, we choose the value of g1
favored by comparing with SU(3) chiral perturbation theory, namely g1 = 2(F−D) ≈ −0.5.5
Lastly we comment on the size of volume corrections in the Breit frame. Comparing
the expressions for the isovector electric form factor in the rest frame Eq. (62), and the
Breit frame Eq. (66), we see that all factors depending on B but not Q are doubled in the
Breit frame. This is due to the symmetry under the exchange of the initial and final state
twists: the finite volume functions are even. Because there is some cancellation among the
contributions to the finite volume electric form factor in the rest frame, we can anticipate
that the finite volume corrections in the Breit frame will generally be of the same size. For
the magnetic form factor, comparing Eq. (63) and Eq. (67) shows similarly that the effect
from the Kj terms doubles. While this function is odd with respect to argument, terms
from the initial and final states add coherently because there is a relative sign from the spin
algebra. Because empirically we observe the dominant volume correction arises from the Kj
term, the volume effect for the magnetic form factor will roughly double in magnitude in
the Breit frame. Given that the coefficient of this term depends upon the unphysical and
unknown parameter g1, the Breit frame does not offer an advantage over the rest frame.
A lattice calculation of g1 is necessary to control the systematic uncertainty from volume
effects in this approach. This is not the case for isospin twisted boundary conditions [12],
see Appendix B.
5 One could calculate g1 directly by determining the axial couplings of hyperons in the SU(3) limit (and in
the chiral regime). The first lattice calculation of hyperon axial charges has been recently performed [41],
but naturally with a focus on SU(3) breaking.
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V. SUMMARY
In this work, we compute finite volume modifications induced by partially twisted bound-
ary conditions. We utilize heavy baryon chiral perturbation theory in finite volume. Baryons
are embedded into representations of SU(7|5), where the extra flavors are fictitious, and dif-
fer only in their boundary conditions. The nucleon mass splittings are determined, and
demonstrated to be negligible on current-sized lattices. The main focus of our work is the
derivation of finite volume corrections to the vector current matrix elements of the nucleon.
Continuous momentum is inserted on the active valence quark lines using flavor changing
currents in the enlarged flavor group. Disconnected operator insertions cannot be accessed
at continuous momentum using this technique, and our calculation is therefore restricted to
connected current insertions. Isospin breaking and cubic symmetry breaking lead to vari-
ous structures not encountered in infinite volume. We give complete expressions for finite
volume current matrix elements using general kinematics. To estimate the size of these
corrections, we choose rest frame kinematics, and consider both the spatial and temporal
components of the current. Generally the volume corrections lead to oscillatory behavior
about the infinite volume answer. In the region of small twist angles, the volume effects
can become rather pronounced due to terms that break cubic symmetry. To extract the
isovector magnetic moment and electromagnetic radii from lattice data at zero Fourier mo-
mentum, careful determination of volume effects will be required. This is complicated by
the dependence on an unphysical and unknown axial coupling g1. As shown in Appendix B,
a different implementation of twisted boundary conditions can eliminate this dependence.
In this implementation, there are no fictitious flavors, rather the isospin transition is simu-
lated directly. Compared to the meson sector, the baryon sector appears more susceptible
to volume corrections due to partial twisting. The Breit frame kinematics do not simplify or
reduce the volume corrections. Partial twisting provides a novel way to probe any isovector
nucleon matrix element at continuous values of momentum transfer. The formalism de-
veloped here allows one to compute finite volume modifications to these observables, and
thereby control the extraction of moments, radii, etc, from lattice QCD data.
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APPENDIX A: FINITE VOLUME CURRENT MATRIX ELEMENTS
In this Appendix, we list the finite volume corrections to current matrix elements. For
ease of presentation, we remove the Pauli spinors. Here we work in a general frame where the
initial-state nucleon has momentum B = θ/L, and the final-state nucleon has momentum
B′ + q, where q is a Fourier momentum mode of the lattice and B′ = θ′/L. Here we list
only the proton matrix elements as a function of qu and qd. One can use charge symmetry,
qu ↔ qd, to deduce the neutron matrix elements. As explained in the main text, each result
includes only connected part of the matrix elements.
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The finite volume modification to the time-component of the current matrix element in
Eq. (36) reads
δJ4 =
1
f2
Z
1
0
dx(2qu + qd)
»
I1/2(mjuPju, xQ+B)−
1
2
I1/2(mju,B)−
1
2
I1/2(mju ,B′)
–
− 3
2f2
(„
qd +
1
2
qu
«"
g2piN3N3J (mpi ,0, 0) + g
2
juN3N3
J (mju,0, 0) +
1
2
g′ 2piN3N3
“
J (mpi ,B, 0) + J (mpi ,B′, 0)
”
+
1
2
g′ 2juN3N3
“
J (mju ,B, 0) + J (mju,B′, 0)
”#
+
3
2
qu
"
g2piN1N1J (mpi ,0, 0) + g
2
juN1N1
J (mju,0, 0) +
1
2
g′ 2piN1N1
“
J (mpi ,B, 0) + J (mpi ,B′, 0)
”
+
1
2
g′ 2juN1N1
“
J (mju ,B, 0) + J (mju,B′, 0)
”#
+
„
qd +
1
2
qu
«
g2
∆N
9
"
J (mpi , 0,∆) + 2J (mju,0,∆) +
5
2
“
J (mpi ,B,∆) + J (mpi ,B′,∆)
”
+ 2
“
J (mju,B,∆) + J (mju,B′,∆)
”#
+
„
3
2
qu
«
g2
∆N
3
"
J (mpi ,0,∆) + 2J (mju, 0,∆) +
1
2
“
J (mpi ,B,∆)+ J (mpi ,B′,∆)
”#)
+
3
2f2
(„
qd +
1
2
qu
«»
g2piN3N3J (mpi ,0, 0) +
1
3
(g2A − gAg1 − g21/2)
“
J (mpi ,B, 0) + J (mpi ,B′, 0)
”
+ g2juN3N3J (mju,0, 0)
–
+
3
2
qu
»
g2piN1N1J (mpi ,0, 0) +
1
9
(g2A + 5gAg1 − g21/2)
“
J (mpi ,B, 0) + J (mpi ,B′, 0)
”
+ g2juN1N1J (mju,0, 0)
–
+ g2∆N
"„
qd +
1
2
qu
«„
1
9
J (mpi , 0,∆) + 1
9
“
J (mpi ,B,∆) + J (mpi ,B′,∆)
”
+
2
9
J (mju ,0,∆)
«
+
3
2
qu
„
1
3
J (mpi , 0,∆) + 1
3
“
J (mpi ,B,∆) + J (mpi ,B′,∆)
”
+
2
3
J (mju, 0,∆)
«#)
− 3
f2
[S ·Q, Sj ]
Z
1
0
dx
ˆ
βpiJ j(mpiPpi,B, xQ+B, 0) + βjuJ j(mjuPju,B, xQ+B, 0)
˜
−3g
2
∆N
f2
[S ·Q, Sj ]
Z
1
0
dx
ˆ
β′piJ j(mpiPpi,B, xQ+B,∆) + β′juJ j(mjuPju,B, xQ+B,∆)
˜
− 3
2f2
Z
1
0
dx [βpiJ (mpiPpi,B,Q+B, xQ+B, 0) + βjuJ (mjuPju,B,Q+B, xQ+B, 0)]
+
3g2
∆N
f2
Z
1
0
dx
ˆ
β′piJ (mpiPpi,B,Q+B, xQ+B,∆) + β′juJ (mjuPju,B,Q+B, xQ+B,∆)
˜
. (A1)
The effective axial couplings have been given above in Eqs. (21) and (23), while the loop
coefficients appear in Eqs. (44) and (45). The spatial components of the current matrix
26
element in Eq. (36) receive the finite volume modification
δJi = −
1
2f2
(„
qd +
1
2
qu
«h
g′ 2piN3N3
“
Ki(mpi ,B, 0) +Ki(mpi ,B′, 0)
”
+ g′ 2juN3N3
“
Ki(mju,B, 0) + Ki(mju ,B′, 0)
”i
+
3
2
qu
h
g′ 2piN1N1
“
Ki(mpi ,B, 0) + Ki(mpi ,B′, 0)
”
+ g′ 2juN1N1
“
Ki(mju,B, 0) +Ki(mju,B′, 0)
”i)
− [Si, Sj ]
f2
(„
qd +
1
2
qu
«h
g′ 2piN3N3
“
Kj(mpi ,B, 0)−Kj(mpi ,B′, 0)
”
+ g′ 2juN3N3
“
Kj(mju,B, 0)−Kj(mju,B′, 0)
”i
+
3
2
qu
h
g′ 2piN1N1
“
Kj(mpi ,B, 0)−Kj(mpi ,B′, 0)
”
+ g′ 2juN1N1
“
Kj(mju,B, 0)−Kj(mju,B′, 0)
”i)
− g
2
∆N
3f2
(„
qd +
1
2
qu
«h 5
6
“
Ki(mpi ,B,∆) + Ki(mpi ,B′,∆)
”
+
2
3
“
Ki(mju,B,∆) +Ki(mju,B′,∆)
”i
+
„
3
2
qu
«
1
2
“
Ki(mpi ,B,∆) +Ki(mpi ,B′,∆)
”)
+g2∆N
[Si, Sj ]
3f2
(„
qd +
1
2
qu
«h5
6
“
Kj(mpi ,B,∆)−Kj(mpi ,B′,∆)
”
+
2
3
“
Kj(mju,B,∆)−Kj(mju,B′,∆)
”i
+
„
3
2
qu
«
1
2
“
Kj(mpi ,B,∆)−Kj(mpi ,B′,∆)
”)
− 3
4f2
Z
1
0
dx
ˆ
βpiLi(mpiPpi,B,Q+B, xQ+B, 0) + βjuLi(mjuPju,B,Q+B, xQ+B, 0)
˜
+
3g2
∆N
2f2
Z
1
0
dx
ˆ
β′piLi(mpiPpi,B,Q+B, xQ+B,∆) + β′juLi(mjuPju,B,Q+B, xQ+B,∆)
˜
− 3
2f2
[Q ·S, Sj ]
Z
1
0
dx
ˆ
βpiLji(mpiPpi,B,Q+B, xQ+B, 0) + βjuLji(mjuPju,B,Q+B, xQ+B, 0)
˜
−3g
2
∆N
2f2
[Q · S, Sj ]
Z
1
0
dx
ˆ
β′piLji(mpiPpi,B,Q+B, xQ+B,∆) + β′juLji(mjuPju,B,Q+B, xQ+B,∆)
˜
. (A2)
Appearing in the above expressions for finite volume modifications are functions depend-
ing on the difference of finite volume mode sums and infinite volume momentum integrals.
The various definitions are as follows:
I1/2(m,A) =
1
L3
∑
n
1
[(k +A)2 +m2]1/2
−
∫
dk
(2pi)3
1
[k2 +M2]1/2
, (A3)
J (m,A,B,C,∆) =
∫ ∞
0
dλλ
[
1
L3
∑
n
(k +A) · (k +B)
[(k +C)2 + β2∆]
5/2
−
∫
dk
(2pi)3
(k +A) · (k +B)
[(k +C)2 + β2∆]
5/2
]
, (A4)
J j(m,A,B,∆) =
∫ ∞
0
dλλ
[
1
L3
∑
n
(k +A)j
[(k +B)2 + β2
∆
]5/2
−
∫
dk
(2pi)3
(k +A)j
[(k +B)2 + β2
∆
]5/2
]
, (A5)
Kj(m,B,∆) =
∫ ∞
0
dλ
1
L3
∑
n
(k +B)j
[(k +B)2 + β2∆]
3/2
, (A6)
Lj(m,A,B,C,∆) =
∫ ∞
0
dλ
[
1
L3
∑
n
(k +A) · (k +B)(2k +A+B)j
[(k +C)2 + β2∆]
5/2
−
∫
dk
(2pi)3
(k +A) · (k +B)(2k +A+B)j
[(k +C)2 + β2∆]
5/2
]
, (A7)
and
Lij(m,A,B,C,∆) =
∫ ∞
0
dλ
[
1
L3
∑
n
(k +A)i(2k +A+B)j
[(k +C)2 + β2
∆
]5/2
−
∫
dk
(2pi)3
(k +A)i(2k +A+B)j
[(k +C)2 + β2
∆
]5/2
]
.
(A8)
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We also use the short hand J (m,A,∆) ≡ J (m,A,A,A,∆). We show how to evaluate
these functions numerically in Appendix C.
APPENDIX B: FINITE VOLUME ISOVECTOR CURRENT MATRIX ELE-
MENTS FROM SU(4|2)
In this Appendix, we detail the finite volume corrections to current matrix elements using
the alternate implementation of partially twisted boundary conditions proposed in [7, 12].
This method does not rely on fictitious flavors of valence quarks. Instead, one directly
confronts the isospin changing operators whose matrix elements give rise to isovector form
factors. From the outset, one is aware that disconnected contributions cannot be accessed.
The flavor structure, moreover, only requires a simple modification of existing partially
quenched theories to include twisted boundary conditions. Results for the finite volume
isovector magnetic form factor under simplifying kinematics were given in [12]; however, as
complete expressions for finite volume current matrix elements were not presented, we give
the complete expressions here.
Let us briefly summarize the setup used in [12]. We restrict our attention to an SU(4|2)
theory with quarks contained in a field Q, which is given by Q = (u, d, j, l, u˜, d˜)T . Each
quark is periodic but coupled to a uniform Abelian gauge potential Bµ of the form Bµ =
diag(Buµ, B
d
µ, 0, 0, B
u
µ, B
d
µ), with B
u
µ = (θ
u/L, 0) and Bdµ = (θ
d/L, 0). In this formulation,
momentum is injected by isospin changing operators provided Bdµ 6= Bdµ. Keeping these
twists different introduces isospin breaking via finite volume effects. The partially quenched
isospin splittings for the pion were numerically demonstrated to be quite small on current
lattices [13]. To calculate the nucleon isospin splitting, we evaluate the sunset diagrams
shown in Figure 1 in the partially twisted SU(4|2) theory. The nucleon isospin splitting is
given by
Mn −Mp = − 1
2f 2
{
1
6
g2juNN
[K(mju,Bd, 0)−K(mju,Bu, 0)]
− 2
9
g2∆N
[K(mju,Bd,∆)−K(mju,Bu,∆)]
}
. (B1)
The effective axial coupling g2juNN has been given in Eq. (56). When the twists are isospin
symmetric, the nucleon mass splitting accordingly vanishes. The maximal isospin splitting
is occurs when B = pi(1, 1, 1) for one flavor, and B = 0 for the other. On current lattices
this maximal splitting is at the percent level and can practically be ignored.
For the operator J+µ = uγµd, continuous three-momentum of the form Bpi = B
u −Bd is
induced in flavor changing matrix elements. Thus we consider the isovector-vector current
matrix elements between nucleons
〈p(q)|J+µ |n(0)〉 L→∞−→ 〈p(P ′)|J+µ |n(P )〉 = 〈p(P ′)|Jemµ |p(P )〉 − 〈n(P ′)|Jemµ |n(P )〉. (B2)
On the left, we have denoted only the Fourier momentum. On the right, the momentum of
the initial-state nucleon due to twisting is P = Bu + 2Bd, while the final-state nucleon has
momentum P ′ = q+2Bu+Bd. The momentum transfer we denote by Q and is given here
by Q = q +Bpi. The equality between the isovector-vector current and differences of the
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electromagnetic current matrix elements follows from the SU(2)valence symmetry subgroup
of the full SU(4|2) group. At finite volume, this symmetry is broken and one must address
the volume corrections to the matrix element on the right-hand side. To determine these
corrections, we evaluate the one-loop diagrams for the isospin transition matrix element
using the partially twisted SU(4|2) theory. The relevant diagrams are shown in Figures 3
and 4.
The finite volume modification to the time-component of the isovector current matrix
element in Eq. (B2) reads
δJ+4 =
1
f2
∫ 1
0
dx
[
I1/2(mjuPju, xQ+Bd)−
1
2
I1/2(mju,Bu)−
1
2
I1/2(mju,Bd)
]
− 1
8f2
{
g2piNN
[
J (mpi ,0, 0) + J (mpi,Bpi, 0)
]
+ g2juNN
[
J (mju,Bu, 0) + J (mju,Bd, 0)
]}
+
g2∆N
6f2
[
3J (mpi ,0,∆) + 3J (mpi,Bpi,∆) + J (mju,Bu,∆) + J (mju,Bd,∆)
]
+
1
2f2
[Q · S, Sj ]
∫ 1
0
dx
[
g2piNNJ j(mpiPpi ,0, xQ, 0) + g2juNNJ j(mjuPju,Bd, xQ+Bd, 0)
]
+
g2∆N
f2
[Q · S, Sj ]
∫ 1
0
dx
[
J j(mpiPpi ,0, xQ,∆) + 1
3
J j(mjuPju,Bd, xQ+Bd,∆)
]
+
1
4f2
∫ 1
0
dx
[
g2piNNJ (mpiPpi ,0,Q, xQ, 0) + g2juNNJ (mjuPju,Bd,Q+Bd, xQ+Bd, 0)
]
−g
2
∆N
f2
∫ 1
0
dx
[
J (mpiPpi ,0,Q, xQ,∆) + 1
3
J (mjuPju,Bd,Q+Bd, xQ+Bd,∆)
]
. (B3)
We have omitted writing the Pauli spinors here and below. The effective axial couplings,
g2piNN and g
2
juNN , have been given above, Eq. (56). The spatial components of the current
matrix element in Eq. (36) receive the finite volume modification
δJ+i = −
1
2f2
{
1
6
g2juNN
[
Ki(mju,Bu, 0) +Ki(mju,Bd, 0)
]
− 2
9
g2∆N
[
Ki(mju,Bu,∆) +Ki(mju,Bd,∆)
]}
+
[Si, Sj]
6f2
{
g2piNNKj(mpi,Bpi, 0) + g2juNN
[
Kj(mju,Bu, 0)−Kj(mju,Bd, 0)
]}
+
g2∆N [Si, Sj ]
3f2
{
Kj(mpi,Bpi,∆) + 1
3
[
Kj(mju,Bu,∆)−Kj(mju,Bd,∆)
]}
+
1
8f2
∫ 1
0
dx
[
g2piNNLi(mpiPpi,0,Q, xQ, 0) + g2juNNLi(mjuPju,Bd,Q+Bd, xQ+Bd, 0)
]
−g
2
∆N
2f2
∫ 1
0
dx
[
Li(mpiPpi ,0,Q, xQ,∆) + 1
3
Li(mjuPju,Bd,Q+Bd, xQ+Bd,∆)
]
+
1
4f2
[Q · S, Sj ]
∫ 1
0
dx
[
g2piNNLji(mpiPpi ,0,Q, xQ, 0) + g2juNNLji(mjuPju,Bd,Q+Bd, xQ+Bd, 0)
]
+
g2∆N
2f2
[Q · S, Sj ]
∫ 1
0
dx
[
Lji(mpiPpi ,0,Q, xQ,∆) + 1
3
Lji(mjuPju,Bd,Q+Bd, xQ+Bd,∆)
]
.
(B4)
From these expressions, we can simplify things by forming unpolarized (polarized) ma-
trix elements for the temporal (spatial) part of the current. Furthermore, we restrict our
attention to the unitary mass point, where m2ju = m
2
pi, and choose the twist parameters such
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that θd = 0 and θu = θ, which corresponds to rest frame kinematics.6 The time component
of the current becomes
1
2
∑
m=±
〈m|δJ+4 |m〉 =
1
f2
∫ 1
0
dx
[
I1/2(mpiPpi, xQ)−
1
2
I1/2(mpi ,0)−
1
2
I1/2(mpi,B)
]
− 3
2f2
{
g2A
[
J (mpi,0, 0) + J (mpi,B, 0)
]
− 4
9
g2∆N
[
J (mpi,0,∆) + J (mpi,B,∆)
]}
+
3
f2
∫ 1
0
dx
[
g2A J (mpiPpi,0,Q, xQ, 0)−
4
9
g2∆N J (mpiPpi ,0,Q, xQ,∆)
]
, (B5)
with Q = q +B. The spatial current reads
〈±|δJ+i |∓〉 =
1
f2
〈±| [Sk, Sj] |∓〉
{
2δki
[
g2AKj(mpi ,B, 0) +
2
9
g2∆N Kj(mpi ,B,∆)
]
+3Qk
∫ 1
0
dx
[
g2ALji(mpiPpi,0,Q, xQ, 0) +
2
9
g2∆N Lji(mpiPpi,0,Q, xQ,∆)
]}
. (B6)
We have chosen spin flip matrix elements; these are simply related to differences of spin
polarized matrix elements. Because the the finite volume modifications proportional to Kj
are non-vanishing only in the directions with non-vanishing twist, the spin and momentum
transfer structure of these terms are identical to the magnetic part of the current matrix
element. Consequently one cannot be sensitive to the magnetic form factor without addi-
tionally acquiring finite volume modifications from Kj terms. These terms are seen to be
numerically larger than Lji, especially for small twists [12]. Finally, notice these results are
independent of the unphysical parameter g1.
APPENDIX C: FINITE VOLUME SUMS
In this Appendix we describe the evaluation of the mode sums required for the finite
volume corrections to the nucleon mass and isovector form factors above. In the main text,
we have used various functions entering in the computation of loop graphs in finite volume.
Here we evaluate each function systematically in terms of Jacobi elliptic functions and error
functions.
The basic sums required are of the form
Iβ(q,M) = 1
L3
∑
n
1
[(k + q)2 +M2]β −
∫
dk
(2pi)3
1
[k2 +M2]β ,
Iiβ(q,M) =
1
L3
∑
n
ki
[(k + q)2 +M2]β −
∫
dk
(2pi)3
ki
[(k + q)2 +M2]β ,
Iijβ (q,M) =
1
L3
∑
n
kikj
[(k + q)2 +M2]β −
∫
dk
(2pi)3
kikj
[(k + q)2 +M2]β . (C1)
6 The choice θd = −θu does not result in any dramatic simplifications. In particular there will be residual
g1 dependence in this case.
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The latter two functions can be derived from the first via differentiation, explicitly the
relations are
Iiβ(q,M) = −
1
2(β − 1)
d
dqi
Iβ−1(q,M)− qiIβ(q,M), (C2)
and
Iijβ (q,M) =
1
4(β − 1)(β − 2)
d2
dqidqj
Iβ−2(q,M)
+
1
2(β − 1)
(
δij + qi
d
dqj
+ qj
d
dqi
)
Iβ−1(q,M) + qiqjIβ(q,M). (C3)
Evaluating the first function in Eq. (C1) for arbitrary β, we find
Iβ(q,M) = 1
8pi3/2Γ(β)
∫ ∞
0
dτ τβ−
5
2 e−τM
2
[
3∏
j=1
ϑ3
(
qjL/2, e
−L2
4τ
)
− 1
]
, (C4)
where ϑ3(q, z) is a Jacobi elliptic function.
In the main text, we utilized several different mode sums in the evaluation of finite volume
effects. We now write them out in terms of the basic finite volume functions Iβ(q,M),
Iiβ(q,M), and Iijβ (q,M). With the abbreviation β2∆ = m2+ 2λ∆+ λ2, specifically we have
J (m,A,B,C,∆) =
∫ ∞
0
dλ λ
[
δijIij5/2(C, β∆) + (A+B)iIi5/2(C, β∆) +A ·B I5/2(C, β∆)
]
,
(C5)
J j(m,A,B,∆) =
∫ ∞
0
dλ λ
[
Ij5/2(B, β∆) +AjI5/2(B, β∆)
]
, (C6)
K(m,A,∆) =
∫ ∞
0
dλ
[
δijIij3/2(A, β∆) + 2AiIi3/2(A, β∆) +A2I3/2(A, β∆)
]
, (C7)
Kj(m,A,∆) =
∫ ∞
0
dλ
[
Ij3/2(A, β∆) +AjI3/2(A, β∆)
]
, (C8)
Lij(m,A,B,C,∆) =
∫ ∞
0
dλ
[
2Iij5/2(C, β∆) + 2AiIj5/2(C, β∆)
+ (A+B)jIi5/2(C, β∆) +Ai(A+B)j I5/2(C, β∆)
]
. (C9)
Lastly the evaluation of the λ-integrals can be done in closed form. For completeness the
required λ-parameter integrals are∫ ∞
0
dλ e−τ(λ
2+2bλ+c2) =
1
2
√
pi
τ
eτ(b
2−c2) Erfc(b
√
τ), (C10)∫ ∞
0
dλ λ e−τ(λ
2+2bλ+c2) =
1
2
√
pi
τ
e−τc
2
[
1√
piτ
− beτb2 Erfc(b√τ )
]
, (C11)
where Erfc(x) = 1− Erf(x), and Erf(x) is the standard error function.
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